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Supersymmetric oscillator: novel symmetries
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We discuss various continuous and discrete symmetries of the supersymmetric simple harmonic
oscillator (SHO) in one (0 + 1)-dimension of spacetime and show their relevance in the context of
mathematics of differential geometry. We show the existence of a novel set of discrete symmetries in
the theory which has, hitherto, not been discussed in the literature on theoretical aspects of SHO.
We also point out the physical relevance of our present investigation.
PACS numbers: 11.30.Pb, 03.65.-w, 02.40.-k
I. INTRODUCTION
The model of a harmonic oscillator (HO) is one of the
most studied models in the history of theoretical physics.
This is mainly due to the fact that it is an exactly solv-
able cute model which encompasses in its folds a rich
and elegant mathematical structure. Theoretically, this
model has been able to explain a multitude of phenom-
ena in diverse domains of physics as well as other key
branches of science. A supersymmetric version of the
above HO, that incorporates the bosonic and fermionic
variables, provides a prototype example of supersymme-
try and its innate supersymmetric algebra [1, 2].
The purpose of our present investigation is to discuss
the discrete and continuous symmetries of the one (0 +
1)-dimensional (1D) supersymmetric harmonic oscillator
(SHO) and establish that it is a cute 1D model for the
Hodge theory. In fact, the symmetries of the SHO pro-
vide a physical realization of the de Rham cohomological
operators of differential geometry [3, 4]. Whereas the
continuous symmetries (and corresponding generators)
provide the analogue of the de Rham cohomological op-
erators, the discrete symmetry of this model corresponds
to the Hodge duality operation of differential geometry.
Thus, the SHO is a complete model for the Hodge theory.
In our earlier set of works [5–7], we have shown that
the 1-form and 2-form gauge field theories (in two (1+1)-
dimensions and four (3 + 1)-dimensions of spacetime)
provide physical models for the Hodge theory. We have
also discussed a toy model of a 1D rigid rotor and demon-
strated that it provides a cute model for the Hodge the-
ory (at the algebraic level) [7]. In all the above mod-
els, it is the existence of continuous and discrete sym-
metry transformations (and their corresponding genera-
tors) that provide the physical realizations of the abstract
mathematical objects of differential geometry.
It is worthwhile to mention that the above kind of
studies have enabled us to prove that the 2D Abelian 1-
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form and 4D Abelian 2-form gauge theories provide a new
model for the topological field theory [8] and an exam-
ple of the quasi-topological field theory [9], respectively.
Thus, such kind of studies are physically interesting.
All the above models are, however, based on the gauge
symmetries that are generated by the first-class con-
straints in the language of Dirac’s prescription for the
classification scheme of constraints [10]. So far, we have
not studied a supersymmetric model in the purview of
mathematical structure of a Hodge theory. In our present
investigation, we try to accomplish this goal by taking the
example of SHO where the physical continuous and dis-
crete symmetries of the theory play very important roles.
We plan to extend our present work to other superpoten-
tials (e.g. shape-invariant potentials) which have been
shown to be of some physical interests [2].
The following factors have contributed to our curiosity
in pursuing our present investigation. First and fore-
most, the model of SHO is one of the prototype exam-
ples of a supersymmetric theory which has been studied
from many different angles. Thus, it is always challeng-
ing to state something new about this model. Second, to
prove a model to be an example of the Hodge theory, one
has to examine and explore various kinds of symmetries
so that the abstract mathematical quantities, associated
with the Hodge theory, could be explained in terms of the
symmetry transformations. This is an uphill task. Thus,
we are highly motivated to accomplish this goal with the
sophistication of theoretical physics. Finally, the present
model is not a gauge field theoretic model. Thus, the
model of SHO is unique in its own right because, even
though, it is a model for the Hodge theory, it does not
lean heavily on the idea of Dirac’s first-class constraints
and associated local and continuous gauge symmetries.
The contents of our present paper are organized as
follows. To set up the notations and conventions, we
recapitulate the bare essentials of the Lagrangian and
Hamiltonian formulations of the SHO in section two. Our
section three deals with the existence of a couple of nilpo-
tent continuous symmetry transformations plus a bosonic
symmetry transformation. The latter is obtained from
the above nilpotent symmetry transformations. Our sec-
tion four is devoted to the description of discrete symme-
2tries in the theory. We deduce the algebraic structures of
the symmetry transformations (and corresponding gener-
ators) in section five. Finally, we make some concluding
remarks in section six.
II. PRELIMINARIES: CANONICAL
FORMALISM
We begin with the Lagrangian for the 1D SHO with
unit mass (i.e. m = 1) and natural frequency ω. This
physical system is described by the ordinary and Grass-
mannian dynamical variables at the classical level. The
explicit form of the Lagrangian is (see, e.g. [11])
L =
1
2
x˙2 − 1
2
ω2x2 + i ψ¯ ψ˙ − ω ψ¯ ψ, (1)
where x˙ = (dx/dt) and ψ˙ = (dψ/dt) are the general-
ized velocities of the SHO in terms of its instantaneous
position x, Grassmannian variable ψ and the evolution
parameter t. Here the pair (ψ, ψ¯) are the Grassmannian
variables (with ψ2 = 0, ψ¯2 = 0, ψψ¯ + ψ¯ψ = 0) and we
adopt the convention of left derivative for these objects.
As a consequence, we obtain the following Hamiltonian
by exploiting the Legendre transformation, namely;
H = ψ˙ Πψ +
˙¯ψ Πψ¯ + x˙ p− L
=
1
2
p2 +
1
2
ω2 x2 + ω ψ¯ ψ, (2)
where p = (∂L/∂x˙) = x˙,Πψ = (∂L/∂ψ˙) = −iψ¯,Πψ¯ =
(∂L/∂ ˙¯ψ) = 0 are the canonical conjugate momenta cor-
responding to the variables x, ψ, and ψ¯.
We can define the following bosonic and fermionic cre-
ation and annihilation operators in terms of the suitable
dynamical variables of the Lagrangian. These operators
(with ~ = c = 1 and m = 1) are (see, e.g. [11])
a†B =
1√
2ω
(−i p+ ω x), a†F = ψ¯,
aB =
1√
2ω
(i p+ ω x), aF = ψ. (3)
In view of the above, we can easily check that
H = ω (a†B aB + a
†
F aF ) ≡
1
2
p2 +
1
2
ω2x2 + ω ψ¯ψ. (4)
We can verify, in a straightforward manner, that the fol-
lowing operators
NB = a
†
BaB, NF = a
†
FaF , Q = a
†
BaF , Q¯ = a
†
FaB, (5)
are the conserved quantities because they commute with
the Hamiltonian of the theory if we use the following
basic commutator and anticommutator brackets
[aB, a
†
B] = 1, {aF , a†F } = 1, (6)
and take all the rest of the brackets to be zero. In
other words, we take (a†F )
2 = 12 {a†F , a†F } = 0, a2F =
1
2 {aF , aF } = 0, [aB, aF ] = 0, [a†F , a†B] = 0, etc. Exploit-
ing these brackets, it can be proved that the conserved
fermionic and bosonic quantities Q, Q¯,NB, NF and H
obey the following explicit algebra
[
Q, H
]
= [Q¯, H ] = 0, [NB, H ] = [NF , H ] = 0,
Q2 =
1
2
{Q, Q} = 0, Q¯2 = 1
2
{Q¯, Q¯} = 0,
{Q, Q¯} = H
ω
, [Q, NB] = −Q, [Q¯, NB] = Q¯,
[Q, NF ] = Q, [Q¯, NF ] = −Q¯, (7)
which shows that the Hamiltonian H of the theory is the
Casimir operator for the whole algebra.
We wrap up this section with the remarks that the
following fermionic (Q2 = Q¯2 = 0) conserved quantities
(i.e. Q˙ = −i[Q,H ] = 0, ˙¯Q = −i[Q¯,H ] = 0), expressed in
terms of the dynamical variables, namely;
Q =
1√
2ω
(−ip+ ωx) ψ, Q¯ = 1√
2ω
ψ¯ (ip+ ωx), (8)
can be derived from the nilpotent continuous symmetries
of the Lagrangian (1) as the Noether conserved charges.
Similarly, the Hamiltonian H [cf. (4)] can also be de-
rived as a conserved charge corresponding to a continu-
ous bosonic symmetry (that is obtained from the above
nilpotent symmetries). We discuss these continuous sym-
metry transformations in our next section.
III. CONTINUOUS SYMMETRIES
It is interesting to note that under the following in-
finitesimal, local, continuous and nilpotent (i.e. s21 =
0, s22 = 0) transformations
s1x =
−i ψ√
2ω
, s1ψ¯ =
1√
2ω
(x˙+ i ω x), s1ψ = 0,
s2x =
i ψ¯√
2ω
, s2ψ =
1√
2ω
(−x˙+ i ω x), s2ψ¯ = 0, (9)
the Lagrangian of SHO transforms as:
s1L =
d
dt
(
− ω√
2ω
x ψ
)
, s2L =
d
dt
( i√
2ω
x˙ ψ¯
)
. (10)
As a consequence, the action remains invariant under the
continuous transformations s1 and s2. Now, there are
two side remarks in order. First, the symmetry trans-
formations s1 and s2 are nilpotent of order two (i.e.
s21 = 0, s
2
2 = 0) only on the on-shell where the equations
of motion ψ˙+ i ωψ = 0 and ˙¯ψ− i ωψ¯ = 0 are valid. Sec-
ond, the fermionic transformations s1 and s2 commute
with the bosonic pair (x, p) and anticommute with the
fermionic pair (ψ, ψ¯). The above inputs are important
for our rest of the discussions in our present endeavor.
3Using the Noether’s theorem, it is straightforward to
verify that the conserved charges (8) emerge from the
nilpotent continuous symmetry transformations (9). In
other words, the charges (8) are the generators of the
symmetry transformations (9) [for the Lagrangian (1) of
SHO] because
s1Φ = ±i [Φ, Q]±, s2Φ = ±i [Φ, Q¯]±, (11)
where (+)− signs on the square bracket correspond to the
(anti)commutator for the generic dynamical variable Φ =
x, ψ, ψ¯ being (fermionic) bosonic in nature. Furthermore,
depending on the (fermionic) bosonic nature of Φ, we
choose the (+)− signs, that are present, in front of the
square brackets in equation (11).
The nilpotent (s21 = 0, s
2
2 = 0) transformations s1 and
s2 do not anticommute (i.e. {s1, s2} 6= 0). As a con-
sequence, we define a bosonic symmetry transformation
sW = {s1, s2} (i.e. s2W 6= 0), under which, the dynamical
variables (x, ψ, ψ¯) transform as given below:
sW x =
i
ω
x˙, sW ψ =
i
2 ω
(ψ˙ − i ω ψ),
sW ψ¯ =
i
2 ω
( ˙¯ψ + i ω ψ¯). (12)
The above transformations are symmetry transforma-
tions because the Lagrangian L [cf. (1)] transforms to
a total time derivative:
sWL =
d
dt
[ i
2 ω
(
x˙2 − ω2x2 + i ψ¯ ψ˙ − ω ψ¯ ψ
)]
. (13)
As a consequence, the action integral S =
∫
dt L remains
invariant for the physically well-defined dynamical vari-
ables that are present in the theory.
According to Noether’s theorem, we have the following
expression for the conserved charge (W ) corresponding to
the transformations sW in (12):
W =
i
ω
(1
2
x˙2 +
1
2
ω2x2 + ω ψ¯ ψ
)
≡ i
ω
(p2
2
+
1
2
ω2x2 + ω ψ¯ ψ
)
. (14)
Thus, we note that the above conserved charge [i.e. W =
(i/ω)H ] is connected with the Hamiltonian H of SHO.
As a consequence, basically H is the generator of the
infinitesimal, local and continuous transformations (12).
In reality, it is elementary to verify that sWΦ = −i[Φ,W ]
for Φ = x, ψ, ψ¯ when one uses the equations of motion
ψ˙ + iωψ = 0, ˙¯ψ − iωψ¯ = 0 derived from (1).
We close this section with the remark that the con-
served operators NB = a
†
BaB and NF = a
†
FaF , ex-
pressed in terms of the dynamical variables, also gen-
erate continuous symmetry transformations for the La-
grangian (1). However, the ensuing symmetries are incor-
porated in the symmetry generated by W = (i/ω)H ≡
(i/ω)(a†BaB + a
†
FaF ). This is precisely the reason that
these symmetries have not been discussed separately and
independently in our present discussion.
IV. DISCRETE SYMMETRIES
The Lagrangian L of SHO also respects the following
discrete symmetry transformations
ψ → ± i ψ¯, ψ¯ → ∓ i ψ, x→ −x, ω → −ω. (15)
It is straightforward to check that the Lagrangian (L)
remains invariant (i.e. L → L) under the above dis-
crete transformations. The transformations (15) are the
analogue of the Hodge duality operation of differential
geometry. To corroborate the above statement, first of
all, it can be verified that two successive transformations,
corresponding to (15), on the dynamical variables of the
theory (i.e. x, ψ, ψ¯) lead to the following [12]:
∗ (∗ ψ) = + ψ, ∗ (∗ ψ¯) = + ψ¯, ∗ (∗ x) = + x, (16)
where (∗) is the discrete symmetry transformations listed
in (15). Thus, we note that all the dynamical variables
(i.e. x, ψ, ψ¯) acquire positive signature under the opera-
tions of two successive discrete transformations (15). We
shall exploit this observation later on.
The nilpotent and continuous symmetry transforma-
tions s1 and s2 are connected by the following interesting
relationship:
s2 Φ = ± ∗ s1 ∗ Φ, Φ = x, ψ, ψ¯, (17)
where the (+)− signs on the r.h.s. of (17) are dictated by
the signatures that are present in the relationship (15).
One can also check that
s1 Φ = ∓ ∗ s2 ∗ Φ, Φ = x, ψ, ψ¯, (18)
where we re-emphasize that the (∗), in equations (17)
and (18), corresponds to the discrete transformations of
equation (15). The difference of signatures in (17) and
(18) do crop up in theories with duality symmetry [12].
We note that the relations in (17) and (18) are reminis-
cent of the relationship between the co-exterior derivative
(δ = ± ∗ d∗) and the exterior derivative (d = dxµ∂µ) of
differential geometry which are also nilpotent of order
two (i.e. d2 = 0, δ2 = 0). Thus, the Hodge duality (∗)
operation of differential geometry is reflected in the exis-
tence of a set of discrete symmetry transformations (15)
for SHO. We also note that the duality operation (∗) on
the fermionic conserved charges, under (15), yields
∗ Q = ± Q¯, ∗ Q¯ = ∓ Q,
∗ (∗ Q) = − Q, ∗ (∗ Q¯) = − Q¯ . (19)
Thus, the conserved charges Q and Q¯ transform as: Q→
±Q¯, Q¯→ ∓Q which is like the duality transformations in
the electrodynamics where we have : ~E → ± ~B, ~B → ∓ ~E
for the electric and magnetic fields present in the source-
free Maxwell’s equations. Further, it should be noted
that two successive operations of discrete transforma-
tions (15) on Q and Q¯ lead to (−) sign on the r.h.s.
This means that our present result is totally opposite
4to the effect of such operations on the dynamical vari-
ables x, ψ, ψ¯ [cf. (16)]. Finally, we find that (with
∗H = H, ∗W = −W, ∗NB = −NB, ∗NF = −NF ),
the total algebra amongst the operators Q, Q¯,W,NB, NF
remains invariant under the discrete symmetry transfor-
mations (15) which correspond to the (∗) operation.
V. ALGEBRAIC STRUCTURES
One can very clearly verify that the continuous symme-
try transformations (s1, s2, sW ) of section three satisfy
the following operator algebra:
s21 = 0, s
2
2 = 0, sW = {s1, s2} = (s1 + s2)2,
[s1, sW ] = 0, [s2, sW ] = 0, s
2
W 6= 0. (20)
The above algebraic structures are true on the on-shell
condition where equations of motion x¨ + ω2x = 0, ˙¯ψ −
iωψ¯ = 0, ψ˙ + iωψ = 0 are satisfied. The algebra (20)
is reminiscent of the algebra obeyed by the de Rham
cohomological operators (d, δ,∆) of differential geometry.
The latter algebra, for the cohomological operators, can
be succinctly expressed as [3, 4]
d2 = 0, δ2 = 0, {d, δ} = ∆ = (d+ δ)2,
[∆, d] = 0, [∆, δ] = 0, δ = ± ∗ d ∗, (21)
where ∆ is the Casimir operator and (∗) is the Hodge
duality operation on a given spacetime manifold. The
(+)− signs in δ = ± ∗ d∗ are determined by the inner
product of specific forms (see, e.g. [3, 4] for details). For
our present model of SHO, we have already shown the
analogue of relation (δ = ± ∗ d∗) in equations (17) and
(18) for the generic dynamical variable Φ of the theory.
One of the key properties of the exterior derivative d is
the fact that when it operates on a n-form (fn) it raises
its degree by one (i.e. dfn ∼ fn+1). Similarly, when δ
acts on fn, it lowers its degree by one (i.e. δfn ∼ fn−1).
In contrast to d and δ, the Laplacian operator ∆ does not
change the degree of a n-form (fn), on which, it operates
(i.e. ∆fn ∼ fn). These properties are very sacrosanct in
the context of cohomological discussions.
The above properties are also captured within the
purview of the symmetry considerations and conserved
charges. To verify it, let us define the eigen state |nB〉
with respect to the number operator NB (i.e. NB|nB〉 =
nB|nB〉). Using the algebraic relations in (7), it can be
explicitly checked that
NB Q |nB〉 = (nB + 1) Q |nB〉,
NB Q¯ |nB〉 = (nB − 1) Q¯ |nB〉,
NB W |nB〉 = nB W |nB〉. (22)
Thus, the eigen values of the states Q|nB〉, Q¯|nB〉 and
W |nB〉, w.r.t. the operator NB, are (nB + 1), (nB − 1)
and nB, respectively. This observation is similar to the
consequences that ensue from the operation of d, δ,∆ on
a given form of degree (nB). Thus, the analogy between
the de Rham cohomological operators (d, δ,∆) and the
conserved charges (Q, Q¯,W ) of our present theory is true.
The cohomological properties of (d, δ,∆) can also be
captured in terms of the fermionic number nF if we start
with the eigen state |nF 〉 satisfying NF |nF 〉 = nF |nF 〉.
It is evident, from equations (5) and (7), that
NF Q¯ |nF 〉 = (nF + 1) Q¯ |nF 〉,
NF Q |nF 〉 = (nF − 1) Q |nF 〉,
NF W |nF 〉 = nF W |nF 〉. (23)
We note, from the above, that the eigen values of the
states Q¯|nF 〉, Q|nF 〉 andW |nF 〉, w.r.t. the operator NF ,
are (nF + 1), (nF − 1) and nF , respectively. Thus, we
conclude that there are two realizations of (d, δ,∆) in
the language of symmetry generators (Q, Q¯,W ). If the
degree of a form is identified with the bosonic number
nB, we have the following mapping:
(d, δ, ∆) ⇐⇒ (Q, Q¯, W ). (24)
On the other hand, when the degree of a differential form
is identified with nF , then, the operations of (d, δ,∆) and
symmetry generators lead to one-to-one correspondence
as given below:
(d, δ, ∆) ⇐⇒ (Q¯, Q, W ). (25)
Thus, the algebraic structures of (7), in terms of the con-
served operators, capture the algebraic structures of (21).
As a consequence, our present model (i.e. SHO) is a pro-
totype example of the Hodge theory.
VI. CONCLUSIONS
In our present investigation, we have shown that the
Lagrangian (1) of SHO respects three continuous symme-
try transformations (i.e. s1, s2 and sW ). These continu-
ous symmetries (and their corresponding generators) pro-
vide a physical realization of the de Rham cohomological
operators of differential geometry at the algebraic level.
In addition to the above continuous symmetries, the La-
grangian (1) also respects discrete symmetries which cor-
respond to the Hodge duality operation (∗) of differential
geometry. This symmetry enables us to establish the ap-
propriate relations (s2 = ± ∗ s1∗, s1 = ∓ ∗ s2∗) between
the transformations s1 and s2. These relations are ex-
actly same as the relation (δ = ± ∗ d∗) between δ and d
of the differential geometry.
In addition to the above, the generator Q (correspond-
ing to the transformations s1) increases the bosonic num-
ber nB by one unit and decreases the fermionic number
nF by one unit whereas the generator Q¯ (corresponding
to the symmetry transformations s2) does its opposite.
The bosonic generator W does not alter nB as well as
nF . It is interesting to point out that there is a one-
to-one correspondence between the generators (Q, Q¯,W )
5and de Rham cohomological operators (d, δ,∆) of differ-
ential geometry. The algebra obeyed by the symmetry
transformations (and their corresponding generators) is
reminiscent of the algebra of de Rham cohomological op-
erators of differential geometry. Thus, the present theory
provides a cute model for the Hodge theory.
The above Hodge algebra has also been obtained in the
case of 2D free Abelian 1-form as well as 4D free Abelian
2-form gauge theories [5–7]. In these theories, the nilpo-
tent (Q2
a(b) = 0) (anti-)BRST charges Qa(b) (correspond-
ing to the (anti-)BRST symmetry transformations sa(b))
increase and decrease the ghost number by one unit, re-
spectively. The nilpotent (Q2
a(d) = 0) (anti-)co-BRST
charges (corresponding to the (anti-)co-BRST symme-
try transformations sa(d)) have an opposite effect on the
ghost number. The bosonic symmetry, obtained from
the anticommutator of the above nilpotent symmetries,
does not increase or decrease the ghost number. There-
fore, there is two-to-one mapping between the continu-
ous symmetry transformations (and their corresponding
generators) and the de Rham cohomological operators of
differential geometry (see, e.g. [5–7] for details).
It is clear from the above discussions that the symme-
try transformations (and their corresponding generators)
of SHO have similar kind of algebra as obeyed by the
symmetry transformations (and their corresponding gen-
erators) of the 2D free Abelian 1-form as well as 4D free
Abelian 2-form gauge theories. However, there is a glar-
ing difference as far as physical realizations of the coho-
mological operators are concerned. Whereas there is two-
to-one mapping between the conserved charges and the
cohomological operators within the framework of BRST
formalism, there is one-to-one mapping between the con-
served charges and cohomological operators in the case
of SHO. Physically, we feel, the model of SHO is more
appealing than the BRST analysis of gauge theories be-
cause the number operators (nF and nB) are more phys-
ical than the ghost number in the BRST approach. We
plan to extend our present work to other superpotentials
that have been discussed in [2]. In particular, we strongly
feel that the theories with shape-invariant superpoten-
tials would also be models for the Hodge theory.
In the existing literature on supersymmetric algebra
and cohomological discussions [13–16], a whole lot of de-
velopments have been made on the (hyper)Ka¨hler man-
ifolds. One dimensional supersymmetric structures have
been found for the twisted and untwisted versions of
the super Yang-Mills theory [15]. However, our present
model of SHO is a simple case where the properties of
the (super)Ka¨hler manifolds are not invoked at all. The
model of SHO is one of the simplest supersymmetric sys-
tem that provides the physical realizations of cohomolog-
ical operators in terms of suitable symmetries.
The analogue of the Laplacian operator (∆) of differ-
ential geometry is the continuous symmetry transforma-
tion (12) for SHO. However, as far as the basic tenet
of supersymmetric quantum mechanics is concerned, the
anticommutator {s1, s2} should lead to the time trans-
lation (i.e. {s1, s2}Φ ∼ Φ˙). It can be verified that the
transformations (12) satisfy this requirement, too, when
we use the appropriate equations of motion. To be pre-
cise, it turns out that {s1, s2}Φ = (i/ω)Φ˙ for the generic
dynamical variable Φ = x, ψ, ψ¯ if we use the equations of
motion ψ˙ + iωψ = 0 and ˙¯ψ − iωψ¯ = 0 [derived from the
Lagrangian (1)]. Thus, our present model of SHO pro-
vides a complete and cute model for the Hodge theory.
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